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Preliminaries and some background

@ Question

Given that we have a quantum state [¢)) € C¢ and a unitary matrix U € C%*?, can living in a larger Hilbert
space can help us describe a significantly larger set of unitary evolutions?

</> Definition

A qu(d)it is a quantum version of d-ary digits where the state can be described by a vector in a d-

dimensional H 4 Hilbert space. The basis vectors are denoted by [0) ,|1) ,--- , |d — 1), and the state of a
qudit has the general form
d—1 d—1
) = Zai i) € C4 and Z o =1
i=0 i=0

An example when d = 1 is the uniform superposition of 1 and 0, i.e.

1
[9) = 7 (10) +11))




Preliminaries and some background

</> Definition

A Givens rotation is represented by a matrix of the form

1 ... 0 ... 0 ... O]

0 C —S 0
G(i,7,0) = :

0 S C 0

0o ... s ... ]

where ¢ = cos(f) and s = sin(f). Here ¢, s € R but generalizations to ¢, s € C can be made. Intuitively, a
Givens rotation is a rotation between the ¢-th and j-th axes in the overarching d-dimensional Hilbert space

He.




The actual problem of universality

©® Theorem @ Goal
G(7, 7,0) is orthonormal and its Given any U € C%*¢, can we write U down as a
generalizations with complex valued entries product of rotations acting on a 2-dimensional subspace

are unitary, i.e. :
y of HY, i.e.

e = EEU =11

U = U'ilajl Ui2aj2 T Uik,jk

Since “orthonormality” is . Th .
oreserved under taking products, As It turns out yes, we can! There exists

a corollary of this is that the something known as the QR
. . . decomposition where a matrix can be
product of d Givens rotations is

decomposed into a productx of

also unitary. orthogonal and upper triangular matrices
and it turns out the Givens rotations are

the building blocks of this decomposition.




A sketch of universality

! Fact
Any unitary U € C%*? can be written as

U =QR

where Q is a product of d Givens rotations and R is a diagonal matrix

.

Proof: The intuition here is that pre-multiplying on the left of U by an
appropriate Givens rotation that for some (¢, j) zeroes out those specific

entry. Note we only need to consider the matrix entries of U corresponding to
the 2-th and 7-th columns (since the rest of the columns are unaffected by the

rotation). Indeed, we let U; ; € R2%2 pe the the block-matrix that gets
affected by the Givens rotation.

—S c| (Uji Uj; 0 rj;



An end to universality

The above matrix equality gives us a set of four equations namely

CQ; ;i + SQAj; = T;; and Ca; j + 8Qj ; = Tj;

SQ;; + CAj; = 0 and — SQ;; + CAj; = Tj;

Solving the above set of equations and noting that c? 4+ s* = linorderto

preserve orthonormality of QQ, we obtain some familiar looking formulas for

c, S namely

;g

Y

Ligi

and s =

9 2 9 2
a;; + aj; a;; + aj;

Vs

=

Time-complexity

Forany U € Cod we may get unlucky and have to single out every single entry below the main diagonal; which requires

d—1

> i

=1

_d(d—-1)
= 5 =

(;Z) c O(d?)

~N




Connectivity Graphs and toy architectures

Following some motivation via the 4°Ca™

For a qu(d)it, we can define a lon trap and some other trapped ion
where each node represents a level of deS|gns, we consider the followmg toy

the qudit and the edges represent the architectures:
possible transitions between the levels.

Ideal (fully connected) | Strongly connected star

1.input: U € C¥4, G = (V, E)
2. decompose: Generate the set of required givens rotations
R={G;; eC™|2<i<j<d-1}
suchthat Gg1...G44-1U =R
3. augmentation : For each Gy ;
e if (4,7) € E, do nothing
o else find shortest path between z and 3
(4,01, -+, Vp_1,Vk,J)

GZJ - Si)”l c S'kalaka G'Uk,jS’Uk-,l,Uk °t 87:,1)1

4. return: Sgm, Gy, R



Graph decomposition lengths

complete

strongly_connected_star

weakly_connected_star

I inear

kB B XL

Length of decomposition
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An experimental error-model

Each givens rotation can be written as exp(¢0H) for some hermitian H and

some angle 6. Since we’ve dealt with decomposition length we can now focus
on primaryily fidelity. Assume that physically we can realize each givens
rotation with some rotation angle error namely exp(#(6 + 6 )H). More

concretely let k be the decomposition length of the unitary that we’d like to
Implement, thereby giving us

k k

Uigeal = | [ exp(i6:H;) = | | U

k k
Uion = | [ exp(i(8; + 6:)H;) = | | exp(i6;H;) exp(id;Hy) HUS

i=1 1=1
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An experimental error-model

Given some arbitary starting state |1)) € C%, we have that

T
|<w|U1dea1 m\w' (ww (HU;) (

7=1 1
k
> <w|H6j|w>|>|<wexp<z'-Zéj J
J=1 j=1

— <"7b| €xXp (7’ . k5avg ‘ Havg) |¢>l

— | (1] cO8(kBavg)T + i Sin (kg Havg Ml - (

U]g.7>

1 — —k252

avg

)
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Errors in a quantum computation build linearly

</> Definition

Given two quantum states p, o in terms of their density matrices, their trace distance is defined as

1
lp— ollr = = sup trace|UpU'" — UsU'|
2 yecn

where the supremum is over all n X m unitary matrices and the absolute value of a matrix is defined as the
matrix with the same entries as the original matrix but with all entries replaced by their absolute values.

Let Uy, Usg, ..., Ur be a sequence of unitary operators; each representing
the ideal unitary operator at time t. Let V1, Vo, ..., V7 be the noisy

approximations to Uj that we actually implement.




Errors in a quantum computation build linearly

©® Theorem

~

Suppose HUipUZ — VipV;rHtr < ¢ for all 7 and mixed states p. Then

|Ur... UpUl .. UL = V... VipVI L Ve <eT

=% Proof

We argue for the case T' = 2.

U, U1pUI UL — VoV pVIV||: = [[U,UpUT UL — VU pUl VI + VU pUl VE — VoV p VIV |

< ||U,U;pUIU] — VU pUIVI||i, + ||V U pUI V] — VoV p VIV
S—— ~——

/ /

p p
< [|U2p' UL — Vo' Vi||ix + || V2(U1pU} — VipVI VI

= ||U2p' U} — Vo' Vi||ix + |[U1pUl — VipVi||s
< 2¢

The general case easily follows by induction.
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Details that were swept under the rug

=% Baker-Campbell-Hausdorff formula

Given two matrices A, B, the Baker-Campbell-Hausdorff formula gives us a value for C that solves the equation;

exp(A) exp(B) = exp(C) for possible non-commuting A, B. The formula is given by

| 1 |
=A+B A, B|+ A A'B

. —[B,[A,B] +

For two givens rotations G(%, j), G(k, 1), the commutator is given by

e i =k j=10G(7),G(k 1) =
e i £k, j#L|G(1,7),G(k, 1) =
Oj:kl [G(z,]),G(j,l)] (Z?l)
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